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Abstract: We discuss Holographic Renormalization Group equations in the presence of
fermions and form fields in the bulk. The existence of a holographically dual quantum
field theory for a given bulk gravity theory imposes consistency conditions on the ranks
of the form fields, the fermion - form field couplings, and leads to a novel Ward identity.
1 Introduction
In theories with diffeomorphism invariance the Poincare´ generators are gauged, and a
space-time point is not a gauge invariant concept. It becomes therefore at least very
difficult to define local observables. The only known way around this problem is provided
by Holography [1]: According to this principle a theory with diffeomorphism invariance
should be describable in terms of a dual local quantum field theory defined on the bound-
ary of the bulk space-time. This conjecture was originally obtained from considerations
involving black hole entropies: Rather than growing as a function of the volume of the
system, they seemed to behave proportionally to the area of a bounding surface. A precise
connection between strings and confining quantum field theories was already anticipated
by Polyakov, cf. eg. [2]; The AdS/CFT conjecture [3] makes these ideas very concrete,
even providing an exact relationship between the correlators of the quantum field theory
on the boundary and the gravity theory in the bulk.
By holographic duality we mean here that the following rather specific requirement
hold: Given a classical diffeomorphism invariant action S[φ] on a space-time M there
should exist a dual quantum field theory with a generating functional W [J ] which coin-
cides with the bulk action
e−S[φcl] = e−W [J ] (1)
when the classical action is evaluated on solutions φcl that coincide with the currents on
the boundary: φcl|∂M = J . In this way the local boundary quantum field theory manages
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to assemble all classical nonlocal dynamics of the bulk theory. Conversely, the classical
bulk theory yields now relatively easily strong nonperturbative results on the QFT side.
The problem we want to attack now (following [4], see also [5]) is to understand what
theories – both in the bulk and on the boundary – may have a holographic dual. There are
some indications that supersymmetry, for instance, might necessarily play a role; another
characteristic that might arise naturally is the conformal symmetry also outside the fixed
point description. These characteristics, if present, would naturally be very strong, rather
undesired constraints on the validity of holography.
We shall choose to use the very specific description of holographic renormalization
group flows due to de Boer, Verlinde and Verlinde [6]: Another motivation for these in-
vestigations is to find out under what conditions a similar flow equation to theirs can be
formulated in the presence of spin and form fields. Finally, on the course of these investi-
gations we shall encounter interesting phenomena connected to the interplay between the
bulk constraints and the boundary Ward identities.
2 Regularization
As Holography turns the problem of finding the generating functional of a quantum field
theory into the problem of solving the classical action given a set of initial data, the
appropriate framework is the Hamilton–Jacobi theory. One finds such a canonical trans-
formation that the new phase space coordinates are constants of motion. The generating
functional F [q] of the canonical transformation must solve simultaneously all the con-
straints G[p, q] of the classical theory using
p =
δF [q]
δq
. (2)
The function F [q] is then the classical action evaluated at some given (radial) time r for
fixed boundary values q(r).
From the QFT point of view most of the bulk constraints are Ward identities. An
exception is naturally the constraint that generates radial translations (Hamiltonian). It
turns out that, in a generic theory containing gravity and scalars, this constraint equation
can be written symbolically as
(F, F ) = L . (3)
The bracket produces first functional derivatives of the arguments w.r.t. the various fields
on the boundary; the functional L is the potential part of the original bulk action.
An action that solves these equations will typically diverge at some value of the
transversal coordinate r = r∗, and must therefore be regularized by subtracting from
it a suitable counter term Lagrangian Sct
W = F − Sct . (4)
The presence of these divergences in the classical theory is expected, as they correspond
on the QFT side to the renormalization group fixed points [7]. We should therefore first
solve
(Sct, Sct) = L− Lfinite , (5)
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so that the remaining piece satisfies
(Sct,W ) = −1
2
(W,W ) + Lfinite . (6)
Loosely speaking, this can be written in the form
β
∂W
∂J
=
1
2
(W,W ) + Lfinite , (7)
where β = ∂Sct
∂J
plays the role of the beta functions. We shall call this equation the
Callan–Symanzik equation. Notice that this procedure is not unique, but two solutions
may differ by finite parts. When solving the Eq. (5) for Sct, one should give the ansatz
as a Laurent expansion around r = r∗, and solve the equation order by order.
3 Model
We will consider the most general two-derivative action with quadratic fermion couplings
consistent with gauge symmetry
S =
1
κ2
∫
dd+1x
√
g
(
R˜− 2η∇˜ · ∇˜nn + 2η∇˜ · (n trK)− κ2Λ
)
(8)
+
∫
dd+1x
√
g
(
1
2λ2
FAF
A + FA ψ¯ζΓ
Aψ +
1
2
ψ¯MD/ψ − 1
2
(D/ ψ¯)Mψ + ψ¯ZAΓ
Aψ
)
.
The field strength F = dA is an Abelian p-form; There can be arbitrarily many fermion
flavours, but we always suppress the index that would distinguish them. (For further
notation, see Ref. [4].) This action encaptures, and generalizes, many interesting features
of the effective superstring actions. For instance, F could be thought of as a Ramond–
Ramond field.
Finding the Hamiltonian formulation of this theory is straight forward though labo-
rious. The result includes first class constraints that generate translations in the bulk,
Lorentz rotations of the spinors and gauge transformations of the form fields. Due to
the presence of spinors also a second class constraint between the spinorial momenta and
coordinates arises. This means that one needs a Lorentz invariant way of dividing the
fermionic phase space in coordinate and momentum directions; the boundary conditions
are then imposed only on the coordinate spinors.
There are essentially three ways to proceed: The one already applied in AdS/CFT
correspondence uses the split into positive and negative chirality spinors [8]. One may also
divide complex spinors in real and imaginary parts provided one can impose a Majorana
condition. If there are several fermion flavours, one may pair them and use the arising
symplectic flavour structure as the symplectic phase space structure. In addition, by
breaking Lorentz invariance explicitly e.g. using the form field we have in the model
one may try to impose generalized Majorana and chirality conditions. Here we shall be
mostly involved with the chiral splitting, though we have worked out the details of the
other splittings as well, and the results are similar.
In terms of the eigenstates of the chirality operator associated to the normal direction
of the boundary the fermionic kinetic term separates into
−
√
ηgˆ(ψ¯−Mψ˙− +
˙¯ψ+Mψ+)− ∂tG− 1
2
ψ¯−∂t(
√
ηgˆM) ψ− − 1
2
ψ¯+∂t(
√
ηgˆM) ψ+ . (9)
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Here the total time-derivative term ∂tG should actually be simply subtracted from the
action, as argued in [8]. Generally speaking the reason for this procedure is that the
generating functional arises also on the bulk side, eventually, from a path integral propa-
gator, defined naturally in Hamiltonian language. There will also arise terms that involve
a time derivative of the metric: This will naturally change the gravitational momenta,
and it turns out to be necessary to shift them by
piij −→ piij − 1
2
gˆijG . (10)
The remaining terms then fix the symplectic structure of the fermion phase space.
4 The Holographic Callan–Symanzik Equation
Having split the fermion phase space we can now write down the Hamilton–Jacobi equa-
tions for the full system. It turns out that, provided there are no marginal operators Z
present in the bulk and that the rank of the tensor field p is odd, the Hamilton–Jacobi
equation originating from the constraint that generates translations transversal to the
boundary does indeed take the generally expected form
(F, F ) = L , (11)
where now
(F, F ) = (F, F )g + (F, F )A + (F, F )ϕ , (12)
and the right-hand side of (11) is
L =
√
gˆ
(
1
κ2
R− Λ+ 1
2λ2
FAˆF
Aˆ + FAˆϕ¯ζΓ
Aˆϕ+
1
2
ϕ¯MDˆ/ ϕ− 1
2
(Dˆ/ ϕ¯)Mϕ
)
. (13)
It is useful to define the following operators:
D = 1
2
ϕ¯
δ
δϕ¯
− 1
2
δ
δϕ
ϕ (14)
Dij = δ
δgij
− 1
2
gijD (15)
DAˆ = δ
δAAˆ
+ ϕ¯ζM−1ΓAˆ
δ
δϕ¯
+
δ
δϕ
M−1ζΓAˆϕ . (16)
Had we also considered p even, the last equation would have been different: Then the
operator DAˆ would have contained terms with either no or two derivatives w.r.t. the
fermion fields. Derivatives act from the left, but not on fields included in the same
operator. Now the brackets can be written easily
(F,H)g =
−ηκ2√
gˆ
(gilgjk − 1
d− 1gijgkl) (D
ijF ) (DklH) (17)
(F,H)A =
ηλ2
2
√
gˆ
(DAˆF ) (DAˆH) (18)
(F,H)ϕ =
−η
2
√
gˆ
(
δF
δϕ
M−1Dˆ/
δH
δϕ¯
− (Dˆ/ δF
δϕ
)M−1
δH
δϕ¯
)
. (19)
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The reason for the fact that also the fermionic momenta give rise to a bracket is easily seen
in the case for Weyl fermions: The chiralities of the coordinates and the momenta are such
that if we insert any operator even in Clifford matrices between them, p¯iOevenϕ, the result is
nontrivial. Similarly, the nontrivial results for odd operators arise from insertions between
either two coordinates, ϕ¯Ooddϕ, or two momenta, p¯iOoddpi. An analogous structure arises
also for Majorana fields.
Including higher order interactions could be a problem, because they would introduce
higher powers of momenta, which would spoil the basic form of the brackets. However,
we have seen above an encouraging rearrangement of terms, where the structure of the
theory solves a similar problem. For instance, the form field kinetic term absorbs some
four fermion couplings in the expression (DAˆF )2. We can indeed view the fermionic
additions in DAˆ as a covariantization of the flat derivative with respect to the form field
Aˆ.
5 Constraints and Ward identities
In addition to the constraint that essentially generates the (radial) time evolution treated
above, we have to solve also the rest of the first class constraints that generate, generally
speaking, gauge symmetry, diffeomorphism invariance and local Lorentz symmetry on
the boundary. The reason why this might not be straight forward is that, in the bulk,
these constraints generate symmetry transformations through Dirac brackets. Due to the
ansatz (2) in Hamilton–Jacobi formalism they will act differently on F . As far as the
Lorentz and the gauge symmetries are concerned the geometrically expected actions are
obtained. In case the of diffeomorphism invariance some additional constraints arise.
For instance, the fact that AAˆ enters the generating functional F only through its
field strength is sufficient to solve the constraint. This simply reflects the fact that the
boundary theory must have the same gauge symmetry as the bulk theory. A similar
situation prevails as far as the Lorentz constraint is concerned: It guarantees local Lorentz
invariance on the boundary. Choosing a gauge and Lorentz invariant Sct will be enough
to avoid anomalies in the boundary theory.
The situation is somewhat more involved when the constraints that guarantee diffeo-
morphism invariance are considered. Solving them we find that the variation
δχ = ∇kχj Ljα δ
δLkα
+ χi
(
∂[iAAˆ]DAˆ −
δ
δϕ
Dˆiϕ+ Dˆiϕ¯
δ
δϕ¯
)
(20)
should annihilate the effective action. This differs from the expected Lie-derivative in
two respects: First, the transformation of the form field is accompanied by a gauge
transformation. Second, its action on fermions is modified by
∆χϕ = −ιχFAˆ ΓAˆM−1ζϕ (21)
∆χϕ¯ = ιχFAˆ ϕ¯Γ
AˆζM−1 (22)
where ∆χ = δχ−Lχ. If we want to restrict to theories where the boundary diffeomorphism
invariance still prevails, we have to put this difference to zero.
For instance, if in Sct there is a coupling of the boundary fermions to an external tensor
field, that field should be aligned with FAˆ in a certain way. Further, if there is a kinetic
term ϕ¯Dˆ/ ϕ− (Dˆ/ ϕ¯)ϕ the following restrictions should hold:
LχFˆ = 0 (23)
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ιχF
iAˆDˆiϕ = 0 (24)
These are strong requirements, as they concern the boundary fields and not only couplings,
and therefore really restrict, from the bulk point of view, the set of acceptable initial
conditions. The simplest way to solve them is naturally to exclude the kinetic terms
from the action. They can also be solved by assuming ιχFˆ = 0: This means that the
Killing isometry only changes the field Aˆ by generating a gauge transformation: This
would mean that there are no restrictions on the fermion fields, whereas the form field
potential is frozen to configurations covariant under flows generated by χ.
Considering diffeomorphism invariant terms in Sct, one obtains the Ward identity
LχW +∆χϕ¯〈Oϕ¯〉 − 〈Oϕ〉∆χϕ = −∆χSct . (25)
The right-hand side is the failure of the counter-terms to satisfy the full bulk diffeo-
morphism constraint, while the vacuum expectation values would signal the breaking of
Lorentz symmetry in the dual QFT.
In order to understand the implications of these Ward identities let us consider as a
toy model the Maxwell theory with a (decoupled) fermion:
S0 = −1
4
F 2µν + ψ¯∂/ψ . (26)
Suppose we know, somehow, that in the full quantum theory there is a symmetry
δAµ = ∂µλ (27)
δψ = iλψ (28)
δψ¯ = −iψ¯λ . (29)
Our effective action fails to satisfy this symmetry by δS0 = iψ¯[∂/, λ]ψ. We can compensate
by adding to the action the piece S1 = −ψ¯iA/ψ. Therefore, due to the presence of the
symmetry we are forced to twist the spinor bundle by the line bundle, whose (Abelian)
connection A is.
In the present system we see similar behaviour in that there, too, a symmetry principle
constrains the effective action in a way that seems to force new complicated interactions to
compensate the (almost) inevitable violations of the action given by the naive symmetry
principles. The situation is much complicated, however, by the fact that the symmetry
transformation involves higher rank gamma matrices, and no simple extension of a Dirac
operator is yet available.
6 Conclusions
We have investigated the relationship between diffeomorphism invariant theories and their
holographic duals, showing in particular that, in a theory that contains fermions, non-
trivial consistency conditions arise. These conditions restrict, for instance, the couplings
of even rank form field field strengths to fermions in dimensions, where we have to – or
choose to – consider only chiral boundary data. Although the gauge and the Lorentz con-
straints did not lead to surprises, the Poincare´ ones resulted in an anomalous contribution
of the diffeomorphism Ward identity on the boundary. We have also indicated methods
for finding counter-terms that solve these constrains exactly.
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